ON SELF-ADJOINTNESS OF A SCHRODINGER 
OPERATOR ON DIFFERENTIAL FORMS 
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0\ , Maxim Braverman 

^jQ, Abstract. Let M be a complete Riemannian manifold and let il*(M) denote the 

^ ' space of differential forms on M. Let d : Q'(M) — > fl'^^{M) be the exterior dif- 

, ferential operator and let A = dd* + d*d be the Laplacian. We establish a suffi- 

cient condition for the Schrodinger operator H = A + V{x) (where the potential 
V{x) : r2*(M) — > fl'{M) is a zero order differential operator) to be self-adjoint. Our 
result generalizes a theorem by L Oleinik about self-adjointness of a Schrodinger 
^Sj , operator which acts on the space of scalar valued functions. 

> 

(N 
O 
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■ 1. Introduction. Suppose M is a complete Riemannian non-compact manifold. 

We will assume that M is oriented and connected. Let T*M denote the cotangent 
g> ■ bundle to M and let /\'{T*M) = 0. /\\T*M) denote the exterior algebra of T*M. 

We denote by L^n'{M) the space of square integrable complex valued differential 
forms on M, i.e. the space of sections of /\*(T*M) ®C which are square integrable 
with respect to the scalar product 



o 

a 



(1) = / aA*/3, a, (3 e L'^n'{M). 

Jm 

Here * denotes the Hodge operator associated to the Riemannian metric on M. 
Note that L^O'^(M) is just the space of square integrable complex valued functions 
on M. 

Let d : L'^n*{M) L'^n*+^{M) denote the exterior differential and let d* be 
the operator formally adjoint to d with respect to the scalar product (1). 
Let A = dd* + d*d be the Laplacian and consider the Schrodinger operator 

(2) H = A + V{x) : L^VL'{M) L^VL'{M) 

where the potential V{x) is a measurable section of the bundle End ( /\*(T*M)) of 
endomorphisms of /\*{T*M) which belongs to the class Lf^^ (i.e. such that for any 
compact set K C M there exists a constant Ck > such that < Ck for 

almost all x G K). 

We denote by Hq the restriction of H on the space 0*(M) of smooth differential 
forms with compact support. The purpose of this paper is to introduce a sufficient 
condition on the potential V{x) for operator Hq to be self-adjoint. 
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2. Statement of results. For x,y e M let dist{x,y) denote the Riemannian 
distance between x and y. Fix a point p & M and set r{x) = dist(a;,p). 

Fix x G M. The Riemannian metric on M defines a scalar product (■, ■)x on 
the fiber f\'{T*M) ® C of the vector bundle /\'{T*M) ® C. As usual, we write 
V{x) > C if 

(3) {Vix)^,Ox > C(e,Ox 

for any ^ G /\'{T*M) ® C. Note that it follows from (3) that V{x) is a self-adjoint 
endomorphism of /\* {T* M) . 

Theorem A. Assume that for almost all x & M the potential V{x) of the operator 
(2) satisfies the estimate 

(4) V{x) > -Q{x), 

where 1 < Q{x) < oo and Q~^/'^{x) is a Lipschitz function on M such that 

(5) \Q~^/^{x) - Q~^^^{y)\ < Kdist{x,y) for any x.yeM. 

If for any piecewise smooth curve 7 : [0,oo) — > M such that limt_»oo ''(tI^)) = 00 
the integral 

(6) f Q-^/\x)d^ = 00 

then the operator Hq is essentially self-adjoint. 

For the case of a Schrodinger operator acting on scalar valued functions this 
theorem was established by I. Oleinik [02]. Note that Q{x) may be equal to infinity 
on a set of positive measure. 

As a simple consequence of Theorem A we obtain the following 

Theorem B. Suppose that for almost all x E M the potential V{x) satisfies the 
estimate V{x) > — g(r(a;)), where 1 < q < 00 and q~^/^{t) is a Lipschitz function on 
R such that q~^^'^{t) dt = 00. Then the operator Hq is essentially self-adjoint. 

In particular, if M = R" and V{x) > — C|a;p then the operator Hq is essentially 
self-adjoint. 

Remark. Theorem A remains true if we replace L^O*(M) by the space of square 
integrable forms on M with values in a fiat Hermitian vector bundle JF over M, 
provided that the Hermitian structure on JF is fiat. In this case the differential d 
should be replaced by the covariant differential associated to the flat structure on 
JF. The proof is a verbatim repetition of the proof for the scalar case, cf. bellow. 
However the notation in the vector valued case is more complicated. 

3. Historical remarks. An analogue of Theorem B for the case M — M.^ 
was established by Sears [Se]. B. Levitan [Le] proved the Sears theorem for the 
Schrodinger operator acting on scalar valued functions on M = MJ^. F. Rofe- 
Beketov [RB] extended these results to the case where the potential V{x) can not 
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about the essential self-adjointness of Schrodinger operators on may be found 
in [RS]. 

I. Oleinik [01,02] established Theorem A for the Schrodinger operator acting 
on scalar valued functions on a complete Riemannian manifold. 

Essential self-adjointness of a pure Laplacian (without lower order terms) on 
differential forms on a complete Riemannian manifold was first stated and proved 
by M. P. Gaffney [Gal,Ga2]. A number of related results may be found in [Sh]. 

In [BFS], Theorem B is established for the case where M is a manifold with 
cylindrical ends and the potential V{x) > 0. The result is used there to study 
Witten deformation of the Laplacian on a non-compact manifold. 

4. Acknowledgment. I would like to thank M. Shubin for posing the problem 
and for essential help. 

I am very grateful to I. Oleinik for pointing out a gap in a preliminary version 
of the paper and for drawing my attention to the paper [02] . 

I am also thankful to M. Farber and V. Matsaev for valuable discussions. 

5. The domain of V{Hq). Let Hq denote the operator adjoin to Hq. The domain 
V{Hq) of Hq consists of forms a E L^O*(M) such that Ha understood in the sense 
of distributions also belongs to L'^Q*{M). 

The operator Hq is symmetric. Hence, to show that its closure is self-adjoint it 
is enough to show that the adjoint operator Hq is symmetric. In other words we 
have to prove that 



(7) / {HaA*P-aA*HP) = 

for any a, (3 e V{H^). 

To prove (7) we need some information about the behavior of differential forms 
from 'D{Hq). The main result of this section is the following lemma, which provides 
us with this information. 

Lemma 1. If a e T>(Hq) then the forms Q~^^'^da, Q~^^^d*a are square integrable. 

Remark. 1. By the standard theory of elliptic operators any a e V{Hq) belongs 
to the Sobolev space Hf^^. Hence, da, d*a are locally square integrable. Thus the 
lemma provides us with an information about the behavior of the forms from V^Hq) 
at infinity. 

2. For the Schrodinger operator on scalar valued functions on an analogous 
lemma was established in [RB]. The proof was adopted in [01,02] to the case 
of a Riemannian manifold. In our proof we follow rather closely the lines of [02]. 
However, the fact that we deal with differential forms rather than with scalar valued 
functions demands a more careful analysis. 

Proof. Recall that we fixed a point p E M and that for any x E M we denoted by 
r{x) the Riemannian distance between x and p. 

It is shown in [02, Proof of Lemma 1] that for any i? > 0, £ > there exist 
smooth functions rii^£{x), Fn^six) on M which approximate the Lipschitz functions 
r{x),Q~^/'^{x) in the sense that 

\rR,e{^) - rix)\ < 5, Q-^/\x)-e < Fr^,{x) < {1 + e) Q-'/\x), 
]hn \d.rn Jx)\ < 1. ]hn \dFnJx)\ < K. 
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for any x e r^\{[0, R+1]). Here K is the same constant as in (5). 

Let ^ : [0, +oo) — > [0, 1] be a smooth function which is equal to one when t < 1/2 
and which is equal to zero when t > 1. Set 

outside or the set r_R^e(a;) < R. 

For any R > the functions i/jr^s, £ < 1 vanish outside of the compact set 
r~^([0, i?+ 1]). Hence, it follows from (8) and (4) that there exist a constant 
Ki > not depending on R and a number er > (which does depend on R) such 
that 



(10) \d^R,s{x)\ < K,, i^lAx) < 2, 



/ « A *Va 

J M 



< 2||Q;||^ 



for any xeM, i?>l, 0<£< Er, a e L^f2*(M). Here ||q;|| = (a, a)^ denotes the 
L^-norm of the form a. 

Functions V'H.e have compact support. Hence, in view of the remark 1 after 
the statement of the lemma, the forms if^R^gda and ipR^ed^a are square integrable. 
Assume that a e T>{Hq) is a real valued form and set 

(11) g = ll'f/'i^^gdall^ + ||'i/'_R,e'i*a||^ = / il^R,e{x)'^ {da A *da + d*a A *d*aj . 

Jm 

It follows from (8) , (9) that to prove the lemma it is enough to show that 

(12) lim lim Jjj ^ < oo. 

R^oo £— >0 ' 

Let us first rewrite the integrand in (11) in a more convenient form. In the 
calculations bellow we use the equality (cf. [Wa, §6.1]) d*a = (—1)1"! d * a 
where \a\ denotes the degree of the differential form a. 

ipR^g daA *da = d^ipj^^^a A ^da) — 2ipR^sdipR^£ Aa A *da + ip\^^a A *d*da, 
{13)lj%^^d*aA*d*a = {-ly^^^ijl^^d^a A d* a 

= —d{^\^^d* a A *a) + 2tljR^sdil'R,e A d*a A*a + ijjji^^dd*a A *a. 

It follows now from (13), (10) and from the Stokes theorem that, if i? > 1, £ < Er, 
then 

||'0i?,£'^ct||^ = / ip\gdaA*da = —2{d'il)R^g A a^ipR^gda) -[- {a,tl)\^gd* da) 

< 2i^i||Q;|| ||'0fl,e<iQ;|| + {a,iljji^^d*da), 

\\'ipR^£d*a\f = / 'ip%^^d*a A*d*a = 2{d'ipR^e ^fpR,sd*a,a) + {'ip%^^dd*a,a) 
Jm 
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Summing these two equations we obtain 

(14) < 2Ki||a||(||V'i?,eCi«|| + ||V'fl,eC^*«||) + («,V'|,eA«) 

< 4Ki\\a\\ Jr^s + / V'fl,e(« A *i7Q; - a A *Fa) 

< 4Ki||q!|| JR,e + 2||q!|| \\Ha\\ + 2\\a\\^. 

Here the last inequahty follows from (10). 

It follows from (14) that the set {Jr,£ : -R > 1,£ < Er} is bounded from above. 
Hence (12) holds. The proof of the lemma is completed. □ 

6. Proof of Theorem A. We apply a modification of the method used in [RB] 
suggested by I. Oleinik [02]. 
The quantity 

(15) p(a;,y)=inf [ Q-'/\x)d^, 

where the infimum is taken over all piecewise smooth curves connecting the points 
x,y & M, is called generalized distance between x and y. It is a symmetric function 
in x,y which satisfies the triangular inequality. The first metric axiom is not valid 
in general. Note, however, that (6) implies, that the sets P~^{[0, R]) are compact 
for any R> 0. 

Recall that in Section 2 we have fixed a point p e M. Set P{x) = p{x,p). Then 
(cf. [02, Lemma 2]) 

(16) \P{x)-P{y)\ < Q-^'\x)^st{x,y) + ^{^ist{x,y)f 

for any x,y E M. It follows (cf. [02]) that for any i? > 0,e > there exists a 
smooth function Pr^s{x) which approximates P{x) in the sense that 

(17) \PR,e{x)-P{x)\<e, '^\dPR,e{x)\<Q-^'\x), 

e— >0 

for any x G ^"^([0, + 1]). 

Assume that £ < 1 so that P~^^{[Q,R]) C P"^([0, + 1]). Let us define a 
piecewise smooth function Pr^£{x) on M by the formula 



(18) PR,e{x) 



By (17), the inequality 



PR^e{x) if PR,e{x)<R; 

R outside the set PR,eix) < R- 



(19) lim \dPR,e{x)\ < Q-^/\x) 

e— >0 
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Recall from Section 5, that the statement of Theorem A is equivalent to equality 
(7). Fix a,P E T>{Hq) and consider the following approximation of the integral (7) 

(20) = (l-^) {HaA*P-aA*Hp) 

= j (^1-^) {^aA*'^-aA*'K0). 

By the Fatou theorem ([RS, Theorem 1.17]), it is enough to show that 

(21) lE^^ '^lR,e = 0. 

We will need the following "integration by parts" lemma^ 
Lemma 2. Let (f) : M ^ M. be a smooth function with compact support. Then 

(22) [ (f)AaA*P 
Jm 

= / (t){daA *d(3 + d*a A *d*^ + / d(j) A A *da - d*a A *^) 

for any a,/? e V{Hq). 

Note that, by remark 1 after the statement of Lemma 1, all the integrals in (22) 
have sense. 

Proof. Recall that d*u = (—1)1"! d * u where 1^1 denotes the degree of the 
differential form u. Hence, if |tt| = |v| — 1, then 

(23) (j)du A*v = (j)u A *d*v — d(f) Au A*w + d {(pu A *v) 

Substituting into (23) first u = d*a, v = j3 and then u = P, v = da we obtain 

(j)dd*aA*]3 = -d(j) Ad*a A*]3 + (j)d*aA*d*]3 + d {(j)d* a A *]3) , 
(f)d*daA*P = (f^A*d*da = d(f)A'PAda + (j)daA*d'P - d{(f^ A*da). 

In the last equality we used that u A*v = v A*u iov any differential forms tt, v of 
the same degree. Summing the above equations, integrating over M and using the 

Stokes theorem we get (22). □ 

Using definition (20) of Ir^s and Lemma 2 we obtain 

(24) Ir^s = 4 / dPR^e^{P/\*da-d*aA*P-aA*dp + d*PA*a). 

R Jm 

Let diJ,{x) denote the Riemannian density on M. For any ^ G /\'^ {T* M) ® C we 
denote by |^| its norm with respect to the scalar product on /\*(T*M) (g)C induced 
by the Riemannian structure on M. Then 

(25) \{a,P)\ < / \aA*P\dii{x) < / \a\\P\dii{x) < \\a\\\\P\\ 

Jm Jm 
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for any a, /3 e L^Q'iM). 

Let us estimate the behavior of the right hand side of (24) as e — > 0. For the 
first term we obtain 



(26) hm 

e— »0 



1 

R 



dPn e AP A *da 



M 



< 



1 



R s^o 



hm / \dPii^s\ \d*a\ dii{x) 



M 



R 



< -5 / \Q-'/'d*a\\P\d^i{x) < 



\\Q-'/'d*a\\ m\ 



M 



R 



In the second inequahty in (26) we used the estimate (19). The last inequality in 
(26) follows from Lemma 1. 

Analogously, one can estimate the other terms in the right hand side of (24). 
That proves (21) and Theorem A. □ 



References 

[BS] F. A. Berezin, M. A. Shubin, The Schrddinger equation, Kluwer, Dordrecht, 1991. 
[BFS] M. Braverman, M. Farber, M. Shubin, The Novikov-Bott inequalities on a manifold with 

a cylindrical ends, In preparation. 
[Gal] M. P. GafFney, The Harmonic operators for exterior differential forms, Proc. Nat. Acad. 

Sci. USA 37 (1951), 48-50. 
[Ga2] M. P. GafFney, A special Stokes's theorem for complete Riemannian manifolds, Ann. of 

Math. 60 (1954), 140-145. 
[Le] B. M. Levitan, On a theorem of Titchmarsh and Sears, Usp. Math. Nauk 16 (1961), 

175-178. 

[Ol] I. M. Oleinik, On the essential self-adjointness of the Schrddinger operator on a complete 
Riemannian manifold. Mathematical Notes 54 (1993), 934-939. 

[02] I. M. Oleinik, On the connection of the classical and quantum mechanical completeness 
of a potential at infinity on complete Riemannian manifolds. Mathematical Notes 55 
(1994), 380-386. 

[RB] F. S. Rofe-Beketov, Self-adjointness conditions for the Schrddinger operator. Mat. Za- 

metki 8 (1970), 741-751. 
[RS] M. Reed, B. Simon, Methods of modern mathematical physics, Vol. I, II, Academic 

Press, London, 1978. 

[Se] D. B. Sears, Note on the uniqueness of Green's functions associated with certain differ- 
ential equations, Canadian J. Math. 2 (1950), 314-325. 

[Sh] M. A. Shubin, Spectral theory of elliptic operators on non-compact manifolds, Asterisque 
207 (1992), 37-108. 

[Wa] F. W. Warner, Foundations of differentiate manifolds and Lie groups. Graduate Texts 
in Mathematics, Springer- Verlag, New- York, Berlin, Heidelberg, Tokyo, 1983. 



School of Mathematical Sciences, Tel- Aviv University, Ramat-Aviv 69978, Israel 
E-mail address: msLxim@math.tau.ac.il 



